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Diagrammatic approach to gas-liquid phase
transition in statistical theory
Yu P Virchenko and L P Danilova
Department of Theoretical and Mathematical Physics, Belgorod State University, Belgorod,
Russia
E-mail: virch@bsu.edu.ru
Abstract. The lattice gas system is studied. In frameworks of statistical mechanics, it is
proposed the analytic algorithm of approximations construction when pressure calculating.
Algorithm is built on the basis of virial expansion using special small parameter . The
parameter is introduced by the prescription of the corresponding -power weight to each
Mayer diagram without contact vertexes. The obtained formulas describe the gas-liquid phase
transition. The density dependence on pressure has the jump if the temperature is less than the
critical one. The algorithm permits to calculate the phase diagrams contained the critical point.
The formula of pressure obtained at null approximation corresponds to the self-consistent eld
approximation. Corrections to the critical temperature, the density jump value and the curves
of phase diagrams are calculated in the approximation with the accuracy to rst order on . It
is manifested the forbiddance of phase transition in one-dimensional system.
1. Introduction
Statistical theory of gas-liquid phase transition has the large history, but now there is not a
mathematically substantiated method in frames of statistical mechanics for calculation of the
thermodynamic characteristics of the transition even for such simple systems of statistical physics
as one-atom gases. In this communication we point out the way of problem solving. It is proposed
the algorithm for the phase (P; T )- and (; T )-diagrams calculation using the so-called lattice
approximation in frames of the statistical mechanics formalism. These diagrams represents the
rst order phase transition lines which has the critical point. Besides, the algorithm permits
to calculate the particle density  as a function on the pressure P if such a dependence has
the jump. From the point of view of statistical mechanics formalism, phase transitions in
lattice models are bifurcations of the probability distribution of a random Gibbs eld on the
lattice Z3 when the parameters of its probability distribution change. Bifurcations of Gibbs
probability distributions are accompanied by the appearance of essential singularities in the
analytical dependencies of expectations. Their presence greatly complicates the calculation of
thermodynamic characteristics by analytical methods, since any method of their approximate
calculation with guaranteed accuracy estimates implies that the availability of bifurcations
should be manifested already in the lower orders of approximations.
As for the lattice gas models, it is possible to use an analytical approach to study the gas-
liquid phase transition. Such a possibility follows from the fact that the hysteresis is absent
in such a transition despite the fact it is a phase transition of the rst order one. It is quite
sucient to interpret the gas-liquid phase transition in the framework of the Lee and Yang theory
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of condensation [1]. In these works the concrete mathematical mechanism has been proposed
according to which singularities corresponding the gas-liquid phase transition are appeared. In
the Lee-Yang theory, the phase transition is associated with the presence of singularities of the
variable z which is named the fugacity. They lead to the division of the complex plane z into
two parts. Therefore, the pressure as a function of z are represented by two analytical functions,
which can not be connected with each other by the procedure of analytical continuation.
Main idea of our pressure approximations constructing dates back to the famous series of
works [2]. It lies in the fact that if the correctly introduced radius r0 of the interaction between
particles tends to 1, the values of thermodynamic functions should be equal to those that are
found on the basis of the so-called approximation of the self-consistent eld. In real systems,
the interaction radius is not large compared to, for example, the average distance between
the particles. However, this idea is important in ideological sense. It is due to the fact that
the correlation radius is, indeed, very large in the parameter change domain where the phase
transition occur. Thus, it plays the role of the interaction radius.
The presence of a rst order phase transition in a lattice gas at suciently low temperatures is
proved in the work [3]. It is done under conditions when the attraction region of the interaction
potential plays a dominant role. It is also worth mentioning the work [4] performed at that time
where similar results were obtained. This stage of statistical mathematical physics development
is summarized in the monograph [5].
The problem under study in our communication analysed in [6] (see, also [7, 8]) where the
Van-der-Waals limit for the lattice models that is in accordance with with the theme of our
investigation. Result obtained in these works is analogous to zero approximation which is
discussed in 5th section of our article.
2. The lattice approximation
We propose the solution of the problem basing on the lattice approximation. It permits to
simplify essentially the solution of suciently routine problem that is named the exclusion of
molecules volume. Such a procedure is necessary in order to take into account of strong repulsion
of molecules at short distances. Let molecules may be occupy only points of the discrete set
 = fx 2 R3 : x = a(n1e1 + n2e2 + n3e3)g which are contained in the cube 
() with the side
aL where a is lattice constant, ej , j = 1; 2; 3 is a xed orthogonal basis in R
3 such that L3 is the
number of possible space positions of molecules, j
()j = (aL)3 is the system volume. Let us
consider the lattice system of statistical mechanics (see, for example, [5]) with the hamiltonian
H[] =  
X
x2
()
(x) +
X
fx;yg2
()
U(x  y)(x)(y) ; (1)
where  is the chemical potential, U(z) is the central symmetric interaction potential.
In order to account the strong molecules repulsion, we put U(0) = 1. Here, (x) is an
arbitrary dichotomous function dened on lattice sites  which has values 0, 1. The interaction
potential U :  7! R is summable,
kUk 
X
0 6=z2
jU(z)j <1 : (2)
On the basis of the hamiltonian (1), it is introduced the Gibbs probability distribution P[(x)]
of the random dichotomous eld with the space f(x) 2 f0; 1g : x 2 
()g of elementary events
such that
P[(x)] =  1 exp

  H[]=T

; T > 0
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is the probability of the random realization (x), T is the statistical temperature (the Botzmann
constant is equal to unity),
 =
X
f(x)g
exp

  H[]=T

is the partition function. The expectation E(x) represents the density  of the lattice gas.
Dichotomous stationary random eld with the space f(x) 2 f0; 1g : x 2 g of elementary
events is dened by the expanding sequence of nite sets 
() at L ! 1. Such a limit
passage is named the thermodynamic limit. It denes the probability distribution on the innite
probabilistic space by the limit L ! 1 for each expectation. The probability distribution of
innite statistical system has the bifurcation when the parameter T changing. Particularly, this
bifurcation is manifested by the jump of the function (P ) which represents the dependence the
density  on the pressure P . From the physical point of view. it is the phase transition of the
rst order
The pressure of lattice gas is dened on the basis of the partition function by the formula
P = lim
L!1
T ln (=j
()j) : (3)
To each function (x) we juxtapose the denite collection X = fx : (x) = 1; (x) = 0;x 62 Xg,
n =
P
x2
() (x) with mismatched components. It is dened with an accuracy to component
permutations. Then, for any nite subset X  
(), we have the value of the functional
(Hamiltonian)
H(X) =  jXj+
X
fx;ygX
U(x  y)
and the Gibbs probabilistic measure has the form
P[(x)]  PfXg =  1 exp( H(X)=T ) :
Consequently, we have the following form of the partition function
 =
X
X
()
exp( H(X)=T ) =
1X
n=0
zn
n!
X
Xn2
n()
Vn(Xn) ;
where Xn  X, when jXj = n, and Vn(Xn) = exp

 
X
fj;kgIn
U(xj  xk)=T

, In = f1; :::; ng are
Boltzmann's functions. They are equal to zero when any pair of components in Xn-collection
are coincide, z = e=T is the fugacity parameter. There are the so-called group expansions of
the pressure and the particle density on the z-powers (see, for example [9])
P=T =
1X
n=1
znbn ;  =
1X
n=0
zn+1(n+ 1)bn+1 :
They are diered from group expansions connected with continuous systems of statistical
mechanics only such that integrals on particle locations are being replaced by summations on
their discrete locations in sites of the cube lattice , i.e.
bn =
1
n!
X
Xn 12n 1
X
G2Gn
Y
fj;kg2G
W (xj   xk) : (4)
Here, the internal summation is done over all connected graphs G from the class Gn with
n marked vertexes (Mayer's graphs). In formulas (4) each group coecient bn(T ) has the
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thermodynamic limit. It is connected with that the Ursell function W (z) = e U(z)=T   1 is
summable due to the summability of the potential.
Let the function P (; T ) on  and T describes the pressure (3). It is represented in the form
of series on density powers [9],
P (; T )=T = 
 
1   d
d
1X
n=1
n
n+ 1
n+1(T )
!
(5)
where coecients n(T ), n 2 N are named the irreducible integrals. They are dened by the
formula
n(T ) =
1
n!
X
Xn2n
X
G2Fn+1
Y
fj;kg2G
W (xj   xk) ; n 2 N :
This formula diers from the analogous one corresponding to continuous space of molecule
locations such that integrations are replaced by summations. The internal summation is done
over the class Fn+1 of all connected graphs with n+ 1 vertexes which are not contact (see, for
example, [10]). By the same way, it is fullled the analogous formula for the fugacity [9],
z =  exp

 
1X
n=1
n
n

:
3. The algorithm construction of sequential approximations
Building of approximations is based on the use of the expansion (5). It is necessary to determine
approximations for each collection of coecients n(T ), n 2 N. They are built by the introducing
a supplement "small" parameter  into irreducible integrals. From physical point of view, the
parameter  corresponds to the ratio r0=rc of the interaction radius to the correlation one. Since
the strong repulsion of particles is not small, we dene the new Urcell function
W (z) = cW (z; r0)  z;0 :
The particle volume is excluded in it. Let the function cW (z; r0) be small at r 10  1. Then
irreducible integrals n(T ) are represented in the form
n(T ) =
1
n!
X
G2Fn+1
X
G0G
( 1)jG0jn(G;G0; r0) ; (6)
n(G;G
0; r0) =
X
Xn2n
 Y
fj;kg2G0
xj ;xk
 Y
fj;kg2GnG0
cW (xj   xk; r0) :
The internal summation in Eq.(6) is done over all subgraphs of the graph G. The particle volume
exclusion in coecients n(T ) consists of summations on the basis of Kroneker's symbols. Two
kinds of edges appear in the graph G. Namely, the symbols xj ;xk correspond the edges of rst
kind, and the functions cW (xj xk) correspond the edges of the second one. The graph G0 is made
up of the rst kind edges. It consists of some subgraphs G1; G2; G3; :::, G
0 = G1 [G2 [G3 [ :::
being not connected with each other. Then, despite that summations by Kronecker's symbols is
simply fullled, in a result of such summations over all Xn, we obtain a complicated graph with
multiple edges and contact vertexes. We name it as the derived graph. Thus, the summation on
all derived graphs coresponding all graphs G having n vertexes should be fullled eectively in
order to calculate irreducible integrals n(T ). It is true the following statement
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Theorem 1. There is the map N : (G;G0) 7! N+ such that for each pair hG;G0i, G 2 Fn+1,
G0  G the following formula is fair for irreducible integrals
n(T ) =
1
n!
X
G2Fn+1
X
G0G
( 1)jG0j 

X
X((G;G0)nf1g)2j(G;G0)j 1
Y
fj;kg(G;G0)
cW N(fj;kg)(xj   xk; r0)
where (G;G0) is the vertex set of derived graph.
For each derived graph with the pair hG;G0i, we calculate the asymptotics of its contribution
to corresponding irreducible integral n(T ) when r0 ! 1. It is done in order to determine
dependences on  of irreducible integrals n(T ),
n(G;G
0; r0)  ( T )
 (G;G0)
(r30)
m(G;G0)
Z
(R3)j(G;G0)j 1
Y
fj;kg(G;G0)
bUN(fj;kg)(xj   xk)dX((G;G0) n f1g)
where (G;G0)  P
fj;kg(G;G0)
N(fj; kg) is number of edges in derived graph with account of
their multiplicity, m(G;G0) = 1+ (G;G0)  j(G;G0)j is the characteristic indicator of derived
graph. On the basis of this result, we prescribe the multiplier m(G;G
0) to each term n(G;G
0).
So, irreducible integrals are some functions on ,
n(; T ) =
1
n!
X
G2Fn+1
X
G0G
( 1)jG0jm(G;G0)n(G;G0) ; 1(; T ) = 1;
n(G;G
0) =
X
X((G;G0)nfk1g)2j(G;G0)j 1
Y
fj;kg(G;G0)
cW N(fj;kg)(xj   xk) :
Thus, we have dened the immersion of lattice gas model into more wide class of lattice models
which is parametrized by the analytic -dependence. It permits t investigate the lattice gas
quantitatively by means of building of asymptotic expansions over . The original system is
obtained at  = 1.
4. The location of phase transition in the space of thermodynamic parameters
This section devotes two properties of lattice gas which are necessary for construction of -
expansions. They concern with the determination of phase transition point location. At rst, it
is necessary to dene the relationship between z and  in this point. It is done on the basis of
the equation
 = z exp
 1X
n=1
n(T )
n

: (7)
According to the Lee-Yang theorem (see, [1],[5]), all zeroes of the partition function  being
a polynomial on the fugacity z are located on the circle with radius  1(T ) if the interaction
potential have no some negative values. Here,
2(T ) = exp
h
 
X
x2
bU(x)=T i :
Zeroes densely ll out the arc of the circle with the radius  1(T ) when the thermodynamic
limit is doing and the polynomial degree is tending to innity. But the arc does not intersect
the real axis.
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The phase transition is occur in the system when this arc occupies the circle completely,
besides the point with real value. Consequently, the corresponding value z where the phase
transition may be realized is equal to  1(T ) at T < Tc. Thus, when changing the parameter T ,
it is possible to implement the situation when, for some of its values, these analytical functions
are a representation of a single analytical function, and, for others, the values of these functions
are not analytical extensions of each other. Such a situation is demonstrated at the gure below.
The location of zeros of the polynomial  on z on the complex plane at T > Tc and T < Tc
is performed at left(a) and right(b) parts of the gure, respectively, where p(T ) is the phase
transition point.
Figure 1. The line of the concentration of partition function zeroes: a) T > Tc; b) T < Tc.
a) b)
We have proved that such a situation takes place in the case when the potential U is not
attractive completely. The problem about the distribution of the partition function zeroes
analysed in the work [11]. In this case, we cannot assert that zeroes are located on a circle, but
they make up the point set that may adjoin to real axis only in the point  1(T ).
Let
p(z; T ) =
T
j
j ln
X
(z)
zj(z)j exp

  1
T
X
fx;yg

U(x  y)(x)(y)

be the pressure as the function on z and T . Then the following assertion is true.
Theorem 2. Let the interaction potential U in the Hamiltonian (1) dening the Gibbs
random dichotomous eld is summed and let the function p(z; T ) = T ln =j
()j is the pressure
of the eld. Then this function satises the functional equation
p(z; T ) = p([2(T )z] 1; T ) + T ln z   k bUk=2
for each T > 0.
 The proof is done by the extraction of the multiplier zj
()j out o the partition function.
In the case when the potential is not attractive completely, we may not assert that the split
of the complex plane takes place, but, due to the relation
 = zT 1
d
dz
p(z; T ) ;
we obtain the following
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Theorem 3. The solution (z) of Eq.(7) satises the functional equation
(z) + ([2(T )z] 1) = 1 : (8)
Here, if the function (z) has some jumps, their lower and upper values are dened by left and
right derivatives, correspondingly.
 Eq.(8) is obtained by dierentiating on z of Eq. (7) both right and left at each point z.
From functional equation (8) one may conclude that if there is only one value T at which
the bifurcation of the probability distribution P[] occurs, then the function (z) may be
discontinuous only at z =  1(T ). Firstly, it is connected with that the pressure p(z; T ) is
a continuous, monotonically increasing function of z for each xed T > 0 [5]. Then the presence
of a phase transition, that is, the jump of density  depending on P corresponds to the presence
of a fracture of the derived function p(z; T ) when z changes and, accordingly, the presence of a
jump in the function (z). Secondly, it is clear that at temperatures T < Tc close enough to Tc
below, where Tc is the critical temperature, there is only one pressure constancy interval P from
 (the jump of the density depending on  from P ). The following statement, in a sense, extends
applicability of the corollary of the Lee-Yang theorem on the value of the chemical potential 
corresponding the phase transition occurs for the potential U which can take arbitrary values.
Theorem 4. If there are not some critical points in the temperature interval (Tc; T) which
are diered from Tc, the jump of the function (z) may be occured only at the value z = 
 1(T ).
 From the equality (8) it follows that if at a given temperature the function (z) has a jump
at a point z, then it also has a jump at point [z2(T )] 1. Due to the lack of critical points in
the (Tc; T), the jump (z) can only occur at one point z. From the condition of uniqueness of
the jump, it should be z = [z2(T )] 1. 
For the approximations constructing, it is important the following elementary proved
statement which is a consequence of the symmetry between the full and empty lattice sites.
Theorem 5. At any temperature T < Tc, at which the system has only one jump of
the function (P ) which has the left and right extreme values  (T ); +(T ), the density value
 = 1=2 always belongs to interval [ (T ); +(T )].
 The proof is done by replacing the summation variable. Namely, the function (x) is
replaced by the equivalent dichotomous function 1  (x) in the sum
 = E(x) =  1
X
(z)
(x) exp

  H[]=T

: (9)
After this, we obtain  = 1   , using periodic boundary conditions (see, [5]) for the system
under consideration and also the value z =  1(T ) if the phase transition occur. Hence,  = 1=2
in such a situation. 
Corrolary 1. The critical value c of the density is equal 1/2.
Corrolary 2. The value p(T ) of the pressure corresponding to the density jump is determined
by the formula
p(T ) = P (1=2; T ) : (10)
5. Null approximation
To calculate the pressure at null approximation P (0)(; T ) =
P1
n=0 n+1(0)
n+1 according to the
proposed procedure of approximations, it is necessary to nd all pairs hG;G0i which determine
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derived graphs with the characteristic indicator m(G;G0) = 0. It is proved that such pairs are
hG; ;i where G is the graph with one edge of second kind and all pairs with n  2, G0 = G,
G 2 Fn+1, n 2 N+. It is not complicated to prove the combinatorial formula which is valid for
graphs with edges of rst kind,X
G2Fn+1
( 1)jGj =  (n  1)! ; n  1 :
Taking into account the contribution into the coecient 1(T ) connected with the mentioned
graph with second kind edge and summing all contributions of graphs with edges of rst kind,
we obtain
T 1 P (0)(; T ) =   ln(1  )  
2
2
X
x2

e bU(x)=T   1 : (11)
This expression corresponds to the approximation of self-consistent eld. In particular, the
pressure has the following form for the model with the nearest-neighbours interaction
bU(z) =  U0; at jzj = a ; 0; at jzj 6= a ;
U0 > 0, a > 0 is a lattice constant,
T 1 P (0)(; T ) =   ln(1  )  32 (eU0=T   1) :
The expression (11) has the bifurcation point hc; Tci when the temperature T is
changing. At this point are fullled simultaneously two equalities @P (0)=@ = 0,
@2P (0)=@2 = 0. Using these equations, we obtain that c = 1=2 and the equation determining
the temperature Tc, X
x2

exp(  bU(x)=T )  1 = 4 : (12)
It is not complicated to prove the following statement.
Theorem 6. If the interaction potential U has negative values at some points of the lattice
, so there is unique critical point Tc > 0 that is the solution of Eq.(12).
In particular case, for the above-pointed model, the corresponding equation 4 = 6(eU0=T   1)
has the explicit solution Tc = U0
h
ln

5=3
i 1
:
At zero approximation the phase (P; T )-diagram is found on the basis of Eq.(10),
p(T ) = T ln 2  1
8
T
X
x2

e bU(x)=T   1 :
Theorem 7. The function p(T ) is concave and it is monotonically increase at the segment
[T; Tc] where T is dened by the condition p(T) = 0. The point T is the unique solution of
the equation
8 ln 2 =
X
x2

e bU(x)=T   1 :
Particularly, for the nearest neighbor model, we obtain
p(T ) = T ln 2  3
4
T

e U0=T   1

:
At last, the extreme points (T ) of the density jump that takes place at the pressure value
p(T ) are determined as extreme solutions of the equation
p(T ) = P (0)((T ); T ) ;
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or that is equivalent
  ln(1  (T ))  1
2

2(T ) 
1
4
 X
x2

e bU(x)=T   1 = ln 2 :
The function  (T ) is monotonically increasing over temperature and the function +(T ) is
monotonically decreasing.
Asymptotic of the jump has been calculated explicitly at small temperature deviations
 = Tc   T > 0 from the critical point,
+(T )   (T ) = 
p

Tc
;  > 0 :
Thus, the jump has the critical exponent of the order parameter which is equal 1/2. It is in
agreement with the Landau thermodynamic theory of second order phase transitions.
6. Correlation approximation
Such an approximation corresponds to rst order approximation on the parameter ,
P (1)=T =  2 d
d
Q(1)(; T )

; Q(1)(; T ) =
1X
n=2
n
(n+ 1)

(1)
n+1 ; (13)
since the pair correlation function does not vanish. For calculating of the coecients
(1)n =
1
n!
X
G2Fn+1
X
G0G :m(G;G0)=1
( 1)jG0jn(G;G0) ;
n(G;G
0) =
X
X((G;G0)nf1g)2j(G;G0)j 1
Y
fj;kg(G;G0)
cWN(fj;kg)(xj   xk) ;
it is necessary to describe the class of pairs hG;G0i, G 2 Fn+1 which generate the derived graph
with the characteristic indicator m(G;G0) = 1. It is proved that such graphs are represented in
the rings form. Corresponding rings are made up of edges of second kind and their "eective
vertexes" are some arbitrary graphs with edges of rst kind which have no any contact vertexes.
In a result of solution of the combinatorial problem that consists the description of the class
of such graphs, by the summation of contributions n(G;G
0) of graphs with xed number n  2
of vertexes, one may nd the coecients
(1)n =
n+1X
s=3
s 1X
m=2
( 1)s m(n+ 1)
2(n+ 1  s)!
 
s  1
m
!
(n m)!
(s m)!
X
Xm 12m 1
mY
t=1

e bU(xt xt+1)=T   1 : (14)
Series (11) with coecients (14) is summable explicitly. In a result, the formula of the pressure
is obtained with the accuracy of the rst order if we take into account the expression P (0)(; T )
1
T
P (; T ) =   ln(1  )  
2
4
X
x2

e bU(x)=T   13  e bU(x)=T 
  a
3
163
2
d
d
 1
Z

ln

1  (1  )
h
W (k)
i
dk ; W (k) =
X
x2

e bU(x)=T   1e i(k;x)
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is the sum of triple Fourier transformation of the Urcell function. The formula represents the
periodic function on the space R3 of wave vectors k. The function period is the so-called
Brillouin zone  = [ =a; =a]3 of the reciprocal lattice of simple cubic lattice .
On the basis of the obtained expression it has been calculated the correction of rst order
for the critical temperature
T 1 =  
2
h X
x2
bU(x) exp(  bU(x)=Tc)i 1 h X
x2

e bU(x)=T   12 + a3
3
Z

W (k)(4W (k)  3)
(4 W (k))2 dk
i
(15)
where T = Tc in the Urcell function cW in the integrand expression and, therefore, W (0) = 4.
Consequently, it is necessary to understand the integral in the main value.
In the same way, it is calculated the correction p(T ) of the phase transition point p(T )
T 1p(T ) = T 1P (1)(1=2; T ) =
1
16
X
x2

e bU(x)=T   12  G1(1=2) ;
G1(1=2) =
a3
163
Z

ln

1 W (k)=4

dk :
At last, corrections of the extreme points of the density jump are found with the same accuracy,
(T ) =
1
4
(T )(1  (T ))
1  (1  (T ))(T ) W0 

h a3
43
Z

(1  (T ))2W (k)
1  (T )(1  (T ))W (k)
dk+ (1  2(T ))
X
x2

e bU(x)=T   12i :
7. Conclusions
The pressure P (; T ) may be calculated with any accuracy by the -expansion. It may be done by
evaluation of functions P (k)(; T ) =  2(dQ(k)=d) with coecients (k)n which are proportional
to k, k = 2; 3; ::: . The phase transition of rst order is manifested by rst two approximations.
The expression in the integrand dening P (1)(; T ) exists only when the following conditions are
fullled (1  )W (m) < 1, W (m) = max
k2
fW (k)g. Thus, the function P (0)(; T )+P (1)(; T ) has
the natural domain
 < 
(m)
  
1
2

1  (1  4=W (m))1=2

;  > 
(m)
+ 
1
2

1 + (1  4=W (m))1=2

:
Then the inverse function which is the dependence of  on P has the jump at this approximation
by natural way.
Besides, if the formula (15) of the correction T is applied formally for the one-dimensional
case, then T = 1. Thus, the approximation of the self-consistent eld is not correct in one-
dimensional case. It is important since the application of the averaged eld approximation
predicts the phase transition for one-dimensional systems, but it is known the theorem
stating that phase transitions are absent in one-dimensional systems with summable interaction
potential [5].
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